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ABSTRACT

The facility layout problem is usually treated as a deterministic
problem and uncertainty regarding problem parameters has
seldom been addressed. This study aims to investigate different
ways of dealing with uncertainty to design a facility layout which
attains robust and efficient performance under a finite number of
possible scenarios. For this purpose, several mathematical models
based on the quadratic assignment problem (QAP) formulation are
developed. These formulations cover alternative approaches in
stochastic programming and robust optimization literature such as:
minimizing expected cost, maximum cost and maximum regret.
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Proposed models are solved using genetic algorithms incorporating
operators and schemes that are specially selected and adapted for
the models. Finally, a novel approach, where the optimization
problem under scenario-based uncertainty is transformed into a
multi-objective optimization problem by considering each scenario
as a separate objective, is proposed. By solving the multi-objective
counterpart of scenario-based QAP (mQAP), optimal solutions with
respect to different robust performance measures can be obtained
simultaneously in a Pareto optimal set. A multi-objective
evolutionary algorithm is developed to solve the mQAP. Extensive
numerical analysis enables comparison of the performance of these
approaches and provides important insights about dealing with
uncertainty in the facility layout problem.

1. Introduction

Facility layout decisions are strategically important, costly and usually difficult to change
or adapt. On the other hand, the market environments in which the facilities operate are
typically subject to uncertainties. Uncertainty and variability often arise in the product
mix, part routings and the production amounts which are all represented in the flow
matrix of the layout problem. In spite of this inherent uncertainty, the facility layout prob-
lem has usually been treated as a static deterministic problem. In this study, different ways
of addressing uncertainty while designing an equal-area facility layout problem formu-
lated as a quadratic assignment problem (QAP) are investigated.
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Uncertainty is often described by a set of alternative scenarios. Thus, a finite number of
sampled instances of uncertainty is considered and for a given scenario realization, the
problem reduces to a deterministic one. It is argued in the literature that the scenario-
based approach generally results in more tractable optimization models (Snyder 2006)
and it can successfully reflect the characteristics of system uncertainties (Wu et al. 2012).
For instance, this approach has the advantage of allowing parameters to be statistically
dependent, which is not the case when parameters are governed by continuous probability
distributions. Dependence is usually necessary to build realistic models, i.e. demands for
different product types produced in a facility and production amounts of these items and
their components are usually correlated.

Scenario-based uncertainty is usually handled as either stochastic programming or
robust optimization. In the stochastic programming, probabilities associated with the
occurrence of scenarios are known in advance by the decision-maker and the goal is usu-
ally optimizing the expected behaviour. A thorough discussion of stochastic programming
theory and models can be found in Shapiro et al. (2009) among others. In the robust opti-
mization, on the other hand, these probability distributions are not necessary, and the
common attempt is to optimize the worst-case performance of the system. One of the
most common robustness measures in robust optimization methodology is minimizing
the cost of the scenario where the maximum cost occurs (minimax cost). Robustness
measures that involve the regret concept are also very common. The regret for a scenario
is the absolute or percentage deviation of the objective value of a solution from the objec-
tive value of the optimal solution for that scenario. Models try to minimize the maximum
absolute (or relative) regret across all scenarios. The main attraction of such robustness
measures is that they do not require the decision-maker to estimate scenario probabilities.
Kouvelis and Yu (1997) provide a framework for the robust discrete optimization. Com-
prehensive surveys on robust optimization are presented by Ben-Tal and Nemirovski
(2002) and Beyer and Sendhoff (2007). Ben-Tal et al. (2009) focus on modelling the
robust counterparts of linear programming problems and extend their findings to more
general optimization problems. Snyder (2006) presents a comprehensive survey on the
uncertainty in facility location problems in which almost every stochastic and robust per-
formance measure is stated and explained briefly. Also, examples from more general logis-
tic problems are covered to illustrate different types of stochastic programming and robust
optimization approaches. Aissi et al. (2009) present a survey on the topic of discrete mini-
max cost and minimax regret versions of the combinatorial optimization problems.
p-Robustness introduced by Snyder and Daskin (2006) put constraints on the regret of
each scenario. Other approaches include y-robustness, a-reliability and conditional value
at risk.

As we find several performance measures proposed in the literature to deal with uncer-
tainty in optimization problems, it becomes clear that choosing an appropriate perfor-
mance measure is a significant part of the modelling process. This is a critical issue since
the definition for ‘good performance under the set of all scenarios’ depends on the deci-
sion-maker as well as the given case. Furthermore, in some cases, it may be difficult for
the decision-maker to choose a performance measure before seeing the trade-offs.

In fact, the techniques driven from both stochastic programming and robust optimiza-
tion methodologies offer different ways of converting the distinct objective values, e.g.
cost of a layout, given by a feasible solution under each scenario realization into a single
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performance measure, e.g. max regret. Any performance measure in robust optimization
or stochastic programming is a particular preset function of scenario objectives and leads
into a compromising decision.

At this point, a novel approach is to transform the optimization problem under sce-
nario-based uncertainty into a multi-objective optimization problem by considering each
scenario as a separate objective. By solving the multi-objective counterpart of the
scenario-based optimization problem, optimal solutions with respect to different perfor-
mance measures can be obtained simultaneously within a Pareto optimal set. A few
authors have discussed that this is a valid approach (we are aware of Aissi et al. 2009 and
Klamroth et al. 2013) but the approach has not been implemented before in the robust
optimization or stochastic programming literature to test its viability.

As a result, this paper contributes by:

e providing QAP models (and their solutions) under scenario-based uncertainty for
several performance measures existing in stochastic programming and robust opti-
mization literature; such as minimizing expected cost, maximum cost, and maxi-
mum absolute and relative regret; and

e providing the multi-objective counterpart of scenario-based QAP (mQAP) to dwell
on the fact that robust solutions should be in its Pareto front.

Proposed QAP-based formulations are solved using genetic algorithms (GAs) to search
the optimal or Pareto optimal solutions for our formulations. Genetic operators and local
improvement schemes are selected and adapted for our formulations. Also, following the
remark by Iancu and Trichakis (2013) that worst-case minimization in robust optimiza-
tion might lead to ‘un-optimized’ decisions for the non-worst-case scenarios, we take this
into account in our solution procedures. For the mQAP formulation, we proposed a
multi-objective genetic algorithm to approximate an efficient frontier in reasonable com-
putation times. After investigating the approaches in multi-objective evolutionary algo-
rithm (MOEA) literature, non-dominated sorting genetic algorithm-II (NSGA-II)
proposed by Deb et al. (2002) is adopted with several modifications to address the specific
characteristics of the problem.

Extensive numerical analysis enables us to compare the performance of these
approaches in terms of obtaining robust solutions as well as gaining insights about the
relationship among robust optimization and multi-objective optimization.

The rest of the paper is organized as follows. In Section 2, a brief literature survey on
QAP is presented. In Section 3, we introduce five formulations for QAP-based facility lay-
out problems under uncertainty and in Section 4, we present our proposed solution meth-
ods. Section 5 covers the numerical experiments and comparisons of the proposed
methods. Finally, Section 6 concludes this paper and future working directions are
discussed.

2. A brief review of the QAP literature

QAP is one of the most difficult problems in the NP-hard class (Sahni and Gonzales
1976). In Loiola et al. (2007), a comprehensive survey about QAP is presented stating that
many real-life problems in several areas such as; facilities location, combinatorial data
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analysis are modelled as QAP. Some of the most important QAP formulations are stated
and classified and a detailed discussion on the exact and heuristic solution techniques,
including metaheuristic strategies is provided. In addition, the main research trends and
tendencies in the QAP literature are identified to guide future researches and these mate-
rial constructed a foundation for our QAP investigation.

In Zhang et al. (2013), general purpose mixed integer linear programming solvers
are addressed to solve QAP. Different types of formulations are obtained by using
linearization techniques to find tight lower bounds and efficient performance to solve
test problems in reasonable times. Other examples that apply mixed integer linear
programming reformulation techniques are Xia and Yuan (2006) and Nyberg and
Westerlund (2012). Kaufman and Broeckx (1978) apply Bender’s decomposition
whereas in Resende et al. (1995) an interior point algorithm for linear programming
is developed to compute lower bounds for the QAP in order to serve branch-and-
bound techniques to come up with optimal solutions with a convenient effort. Some
other exact methods include reformulation-linearization techniques that are used in
Hahn et al. (2012), and Rostami and Malucelli (2014). However, all these techniques
are proved to be impractical for all but small-sized problems. The computational dif-
ficulty in solving QAP motivated the development of many heuristic algorithms.
While a comprehensive review of the literature for QAP is beyond the scope of the
current paper, the following is a brief overview of the studies that served in con-
structing our approaches.

During the recent decades, almost every heuristic search technique has been adopted to
QAP. Pardalos and Resende (1994) develop a greedy randomized adaptive search, called
GRASP. They claim that their solution technique is capable of quickly producing good
quality solutions not only for QAP but also a wide variety of combinatorial optimization
problems.

Taillard (1995) compares the performances of three different tabu search algorithms
and a hybrid GA, indicating that all these solution methods are efficient heuristics and
none of among them outperforms the other. Tate and Smith (1995) are among the pio-
neers that employ GAs to solve QAPs. All the main stages of the GAs including the tuning
for the parameters are investigated and they draw the conclusion that GA is a very power-
ful tool for QAP.

Misevicius (2003) proposes a GA hybridized with an improvement procedure called
ruin and recreate procedure. In Misevicius (2004), a hybrid GA using some elements of
tabu search at its local improvement stage, is proposed. Drezner (2005) proposes a com-
pounded GA consisting of two phases, where the second phase evolves good solutions of
the first phase. His algorithm is hybridized with tabu search and successful results are
obtained for the test problems in QAPLIB. Later on, in Drezner (2008) some modifica-
tions concerning mainly diversification are proposed and improved results are obtained.
In Tosun et al. (2013) and Ahmed (2016), some crossover operator alternatives are
explored.

Ahuja et al. (2000) propose a greedy GA including many greedy principles for both
intensification and diversification. They present several alternatives for the crossover
operator, concepts of immigration and tournament and a detailed fine tuning for the algo-
rithm parameters. The methodology and the operator schemes of their paper serve as a
basis for the GAs developed here.
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Knowles and Corne (2002) present a multi-objective version of QAP (mQAP) consid-
ering several flow and distance matrices. The authors state that mQAP can be useful for
some layout problems, such as hospital layout where different types of flows, i.e. doctors,
patients, and nurses lead to different objectives. They investigate landscape analysis issues
for approximating Pareto front using mQAP as a benchmark. In their paper, a hybrid
local search algorithm is presented to approximate the Pareto front and in Knowles and
Corne (2003), they formulate some instance generators and test suites for mQAP.

In Paquete and Stiitzle (2006), a two-phased local search procedure is used whereas in
Lopez-Ibanez et al. (2004) and Ozkale and Figlali (2013) ant colony optimization meta-
heuristic is employed for the bi-objective QAP. There are some works applying MOEAs
for mQAP; such as Kleeman et al. (2004) and Day and Lamont (2005).

Studies that address uncertainty in the facility design problems, particularly QAP are
sparse. To the best of our knowledge, robustness notion is first mentioned in the context
of a facility design problem by Rosenblatt and Lee (1987). Although a formulation is not
provided, the facility layout model is described as a QAP. The authors enumerate the
feasible solutions of a small example and measure the robustness of a solution by the fre-
quency it lies within a pre-specified percentage of an optimal solution for the scenario
set. Kouvelis et al. (1992) also propose a similar definition that leads to the p-robustness
approach for the single and multiple period QAP formulation. Benjaafar and Sheikhza-
deh (2000) propose stochastic programming approach for the generalized QAP formu-
lation where flow volumes assigned among departments are also decision variables.
They also include a robustness constraint in their formulation. More recently, QAP
under uncertainty is studied in Feizollahi and Modarres (2012) with uncertain depart-
ment locations, in Feizollahi and Averbakh (2014), and Feizollahi and Feyzollahi
(2015) with uncertain flows. These studies use interval uncertainty parameters and
robust optimization metrics such as minimax cost and minimax regret are covered by
applying solution techniques such as: Bender’s decomposition, local search and tabu
search. Zhao and Wallace (2014) integrate the QAP with flow assignment problem in a
under demand uncertainty represented in discrete levels though no specific solution
method is suggested to solve QAP.

3. Proposed models

Five different mathematical programming formulations for QAP-based facility layout
problems under uncertainty are provided in this section to investigate different stochastic
programming and robust optimization approaches. The integer nonlinear programming
formulation below is the basis of these proposed models and will be referred as the classi-
cal QAP.

Classical QAP :
min thjdklxikle (1)

ijkl

s.t.
Z Xik = 1 Vk (2)
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zk:x,-k =1 Vi (3)

xix € {0,1} Vi k (4)

The indices i and j are used to denote departments in the set I, while k and I denote the
locations in the set K. Flow between departments i and j is denoted by f;; and the distance
between locations k and I is denoted by dj;. The binary decision variable x;;, takes value 1
if department i is located at location k, and 0 otherwise.

The classical QAP model is valid when both the flow and the distance matrices are
assumed to be known deterministically. However, proposed formulations use a finite set
of discrete scenarios to model the uncertainty displayed by the input parameters. Let us
define S as the set of the scenarios. For each scenario s, where s € S, there is a different
deterministic minimization problem having a specific flow matrix. In this paper, only the
flows between the departments are defined distinctively for each possible scenario and
denoted by f;. The reason behind is that the product mixes and the quantities of each
product type produced can easily change due to various reasons such as changes in
demand or changes in the production preferences. On the other hand, all scenarios share
the same distance matrix. In other words, distance matrix is not affected by the scenario-
based uncertainty. However, this assumption can easily be dropped and the solution pro-
cedures and results can be extended for the cases having also specific distance matrices for
each scenario.

While the notation given above is common in all the rest of the formulations, some
additional notation will be introduced specifically for some of the formulations.

3.1. Minimizing expected cost

In the first model, the objective is to minimize the expected cost of the assignment of
departments to locations under all possible scenarios in the scenario set. This model
includes stochastic component in the objective function and constraints are the same as
in the classical QAP:

Model 1: expQAP
min Z pfiidixicx; (5)
ij.k,lLs
s.t.
(2),(3) and (4)

The parameter p,, the probability that scenario s occurs, is used specifically in this for-
mulation. Stochastic programming requires some degree of probability information that
is sometimes provided as probability mass/density functions or in our case distinct proba-
bility values assigned for each scenario. Obviously, as all probable scenarios are repre-
sented in the scenario set S, the sum of their probabilities must be equal to one. In our
case, all p, values are assumed to be equal without loss of generality meaning that each sce-
nario is equally likely to happen. Solving this formulation is identical to solving the classi-
cal QAP. The only difference is that instead of a single set of flow parameters, we now
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have || of them. By taking a weighted average with respect to the p, values, we can fit all
flow parameters into a single matrix and reduce the problem into the classical QAP.

3.2. Minimizing maximum cost

As the first of the three formulations belonging to the robust optimization methodology
approach, the minimax cost solution minimizes the maximum cost across all scenarios
and thus gives emphasis to the worst case. This minimax structure might make robust
optimization problems more difficult to solve than stochastic programming. The primary
attraction of minimax measures is that they do not require decision-maker or planner to
estimate scenario probabilities:

Model 2: maxQAP

6
min Cpax ©
s.t.

Z fidixixy < Cmax S €S )
ikl

(2),(3) and (4)

The variable C,,,« is defined as the maximum travel distance (or, cost) across all scenar-
ios and the objective is to minimize this parameter. Solving this model is again similar to
solving the classical QAP when a GA is employed. The only difference is in the calculation
of the fitness values of the generated solutions. To calculate the fitness of a solution, total
travel distance computation is made for each scenario and maximum of those values is
taken as fitness of the solution.

3.3. Minimizing maximum absolute and relative regret

The term regret used in robust optimization terminology is defined as the difference
between the cost of a solution in a given scenario and the cost of the optimal solution for
that scenario. The minimax regret solution minimizes the regret across all scenarios.
There is no need to develop models for minimizing expected (average) regret since this is
equivalent to minimizing expected cost (Snyder 2006).

The regret can be computed as either absolute or relative difference and both of these
two measures can be transformed into each other. When the difference between the cost
of a solution in a given scenario and the cost of the optimal solution for that scenario is
defined in terms of nominal units, this is called the absolute regret of a solution.

The parameter ¢* is the cost of the optimal solution for the scenario s and it is an input
to the regret model. The ¢*; values are assumed to be computed beforehand by solving |S]
separate and deterministic QAPs. The variable R® is defined as the maximum regret

ax
across all scenarios and the objective is to minimize this parameter:

Model 3: absQAP

. abs
min R

(8)
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s.t.
> fiduxixy — ¢, <R s€S )
ik,
(2),(3) and (4)

When the difference between the cost of a solution in a given scenario and the cost of
the optimal solution for that scenario is defined in terms of the percentage value of the
optimal solution for that scenario, the objective becomes minimizing the maximum rela-
tive regret, R :

Model4 : relQAP
min R (10)
max

s.t.
S E3
2ij kX — ¢

K
CS

(2),(3)and (4)

< R ses (11)

3.4. The multi-objective QAP (mQAP)

In the last model, the objective function becomes a vector function whose elements repre-
sent the objectives of the solutions in each scenario separately. In mQAP introduced by
Knowles and Corne (2002), different flow types are considered as multiple objectives. In
our case, each scenario becomes a separate objective so the number of objective functions
is equal to the number of scenarios:

Model 5: mQAP
min C (x) = {c!(x), A (x), ..., (%) 1,

x
where ¢(x) = Z Jidixixy SES
ikl
s.t.
(2), (3)and (4 12)

The motivation behind developing the mQAP formulation is the fact that robust opti-
mization problems can be seen as a multi-objective optimization problems with objectives
corresponding to uncertainty scenarios. The optimum solutions for all stochastic and
robustness measures covered must fall within the Pareto front obtained from the mQAP
formulation. This phenomenon, called Pareto robust optimal solutions by Iancu and Tri-
chakis (2013), briefly explains that for every robustness measure one of the robust optimal
solutions should also be a Pareto optimal solution. This indicates that if there is only one
robust optimal solution, then it must be a member of the Pareto front.

Mathematical propositions for specific robustness measures are presented in Aissi et al.
(2009) stating that in a combinatorial minimization problem at least one optimal solution
of minimax cost and minimax regret versions of the problem must be a Pareto optimal
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solution. It means that among all members of Pareto front, one solution must have a min-
imum maximum cost or minimum maximum regret value. The strong relationship
between the robustness measures and the multi-objective version of an optimization prob-
lem enables finding the optimal solutions in terms of all robustness measures if the true
Pareto front can be obtained.

A similar proposition can also be offered for the expected cost measure. A solution that
is optimal in terms of the expected cost criterion must also be a Pareto optimal solution
for our mQAP formulation. The difference is that in the case of multiple optimal solutions
for the expected cost criterion, not only at least one of the optimal solutions but all of
them must also be Pareto optimal solutions.

Proposition 3.1: The optimal solution for the expected cost criterion must be a non-domi-
nated solution.

Proof: Let us define x € X with the objective function vector, u = (3, U, .., 4j5) as a dom-
inated solution and we want to show that it is an optimal solution for the expected cost cri-
terion.By the definition of Pareto dominance if x is a dominated solution, there must be at
least one solution y € X with the objective function vector, v = (v}, v, ..., vs)) satisfies that for
Vse S u>viN3Is € S, u, > v,. However, if this is the case then the expected cost of solu-
tion y is strictly less than the expected cost of solution x meaning than solution x cannot be
an optimal solution for the expected cost criterion. Hence, by proof with contradiction, the
optimal solution for the expected cost criterion must be a non-dominated solution. O

By using mQAP model, we can approximate the Pareto front in a single algorithm ded-
icated to mQAP formulation and select the appropriate member based on our chosen per-
formance measure, instead of evaluating each performance measure separately using the
first four formulations. The degree of success, of course, depends on the success in
approximating the true Pareto front.

4. Solution methods

As QAP is computationally NP-hard, large problem instances can require a great amount
of time to be solved optimally by exact methods. GA is one of the most popular and suc-
cessful heuristic algorithms to solve optimization problems. Moreover, multi-objective
evolutionary approaches, which work satisfactorily in multi-objective optimization
domains, are suitable for our purpose of approximating the Pareto front for mQAP for-
mulation. Therefore, to remain compatible and comparable, GA becomes a natural choice
to use across all five formulations.

Basically, GA imitates the process of natural evolution over a population of individuals
each representing a feasible solution of an optimization problem. The evolution process is
achieved by using several strategies like crossover and mutation that can be adapted to the
specifications of problem structure. Next, the details for the single objective GA used for first
four formulations and the multi-objective GA for the mQAP formulation are explained.

4.1. Single objective GA

In our GA design, an individual is encoded by a chromosome composed of n genes each
representing a department. Each allele represents the location index where the
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corresponding department is assigned in that particular individual. To determine the fit-
ness value of each individual, first the scenario objectives for the corresponding solution
are computed. Fitness is calculated based on the objective function of the particular QAP
formulation using these scenario objective values. An important remark is related with
the tie-breaking rule used during sorting and any type of comparison of individuals
throughout the GA. In case of a tie, an efficient individual that is, the solution which per-
forms at least as good as the other under all scenarios, will be favoured. In this manner,
the pitfall mentioned in Iancu and Trichakis (2013) that worst-case minimization in
robust optimization might lead to ‘un-optimized’ decisions for the non-worst-case scenar-
ios, is avoided.

When generating the initial population, feasible individuals are produced in a random
manner ensuring that departments are not assigned same locations. To this random pop-
ulation, optimal solutions obtained by solving |S| separate classical QAPs are included as
seeds. Since the scenario optimal solutions are already obtained for the regret formula-
tions, it makes sense to make this information available to all cases. Furthermore, our pre-
liminary analysis supports that the quality of our GA improves by including these
individuals in the initial population.

Binary tournament is implemented for parent selection, where the individual with a
better fitness value is favoured among two individuals randomly selected from the popula-
tion. The comparison between the candidate individuals is made with respect to their fit-
ness values and ties are broken randomly.

As the crossover operator, we employ the path crossover proposed by Ahuja et al.
(2000) as it performs significantly better than other alternatives such as one-order cross-
over in our preliminary analysis. In path crossover, the path connecting the parents is
formed by creating new solutions through move operations (i.e. swap) that make the
parents look more alike at each step.

In the path swap operator scheme, starting from a random position of the chromo-
somes, the alleles of the two parents at that position are examined. If the corresponding
alleles of two parents are different, a swap operation is performed among the parents.
Two resulting solutions are inspected and whichever solution is fitter, a move is made by
the corresponding parent, thus forming a node on the path. In the next iteration, this new
node is considered as the parent and compared with the other parent. In each swap opera-
tion, two parents look more similar and swap moves continue until all alleles of two
parents become the same and the full path is formed. Once the path is built, the nodes are
considered as candidate children. The fittest member of the path is selected as the first
child. In addition to that, one of the original parents is chosen as the second child based
on fitness value comparison between two parents. If the generated child is fitter than both
parents, the parent which is less similar to the first child (having less number of alleles in
common) is chosen as second child.

To impose diversity on the children formed in this way, immigration is used instead of
mutation. The children population is sorted and some pre-specified per cent of its poorest
members is removed. Newly introduced solutions, called immigrants, which are signifi-
cantly different from the individuals created so far replace these members. For the genera-
tion stage of immigrants, Ahuja et al. (2000) propose a process that makes use of the
historical frequency information similar to the long-term memory in tabu search (Glover
and Laguna 1999). In this approach, the number of times each department has been
assigned to each location is stored in a n x n matrix called population history. The
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immigrants are created by choosing departments in a random sequence and assigning
them to the available location with lowest value in the population history matrix.

However, by generating immigrants with this methodology, there is a high chance that
the fitness of immigrants will be below than other members already existing in the current
population. The outcome is that they rarely qualify as parent individuals and contribute to
create new offspring. In addition, it is likely for them to be eliminated at the very next iter-
ations. Therefore, all immigrant individuals are subjected to the local improvement opera-
tion right after their creation. In this way, the unexplored regions of the solution space are
intensively investigated and individuals with hopefully fair fitness values are incorporated
into the population leading to improvement in the overall quality. As for the local
improvement operator, the 2-exchange neighbourhood local search is used.

Also, some pre-specified percentage of individuals in the resulting population (exclud-
ing the immigrants) enters local improvement operation in each iteration. By adjusting
the values of immigration rate and local improvement rate parameters properly, one can
ensure the balance of diversification and intensification in the GA.

4.2. Proposed multi-objective GA

The MOEA techniques are classified into different categories based on the sequence of
two main stages of the algorithm (Deb and Gupta 2005). These two stages are searching
the solution space with respect to objective functions and deciding on what kind of trade-
offs between the priorities of the objectives are convenient from the decision-maker’s per-
spective. Some techniques make decision about the priority ranks of the objectives before
searching the solution space, whereas some do the reverse.

The choice in our research is to find as many solutions as possible in the Pareto front
and then leave the rest of the multi-criteria decision-making process to a decision-maker.
This is called a posteriori technique. In Zitzler et al. (2000), some of the most applied
MOEAs with different a posteriori approaches are compared and evaluated with respect
to the closeness of their approximations of the true Pareto front. The performance also
depends on diversity which is not only about avoiding local optimums but also covering
the entire Pareto front. Based on their findings, NSGA-II which has been developed by
Deb et al. (2002) is adopted for solving our multi-objective formulation.

In NSGA-II, the sorting of individuals requires the calculation of two attributes for
each individual: non-domination rank and crowding distance. In the calculation stage of
non-domination rank, all solutions are examined in regard to whether they are dominated
by any other solution or not. Then, all the non-dominated solutions are ranked as one.
After excluding these non-dominated solutions, the same is done for the solutions in the
remaining set and the non-dominated solutions are ranked as two and this procedure is
implemented until all individuals in the entire population are ranked.

After the assignment of non-domination ranks, a front for each rank is formed and
crowding distances are assigned. The goal in crowding distance assignment is to ensure
that every region of a front is represented by enough individuals (i.e. the individuals are
not crowded into certain regions). After sorting the individuals in the same front with
respect to each of the objective criteria (scenarios in our case), a solution’s distance to its
closest neighbour on a sorted list is calculated as the absolute normalized difference of
their corresponding objective values. The crowding distance of an individual is computed
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as the sum of these distances over the objective criteria. As a result, individuals who take
place in the scarce regions of their fronts will have high crowding distance values and
they will be preferred for reproduction in GA.

After the assignment of two attributes, solutions are sorted primarily based on their
non-domination ranks and solutions in the same front are sorted based on their crowding
distance assignment. In NSGA-II, the current population and the newly generated chil-
dren population are combined and sorted based on the non-dominated sorting criteria in
each iteration. Since all previous and current members are included in the combined pop-
ulation, elitism is ensured. Then, the set of best individuals with a size equal to population
size parameter is kept and declared as the new generation of population.

Evidently, some modifications will be necessary on NSGA-II to address the specific
characteristics of our problem. When generating the initial population, optimal solutions
achieved from solving |S| separate classical QAPs are included in the initial population. In
this way, genetic material from the extreme ends of the objective function space is intro-
duced in the population. We observed that this greatly enhances the capability of the
search in representing the whole range of the Pareto front. Another enhancement that
provides the search with valuable genetic information is achieved by making us of the final
populations of the |S| separate classical QAPs. All final populations are combined and
members of the first front of this combined population are added to the initial population.
The remaining members of the initial population are generated randomly.

Preliminary results of our algorithm hinted at the need for additional diversity. It is
observed that the crowding distance assignment is inadequate to prevent premature con-
vergence. An attribute called duplication factor is introduced to each individual. In dupli-
cation factor assignment, every unique solution is ranked as one and their replicas are
ranked with the number of times the same solution is observed in the current population.
Thus, it is preferred to have small values for the duplication factor and in our modifica-
tion, solutions are sorted primarily based on their duplication factor values and then
sorted on the attributes proposed by NSGA-II.

Finally, the components of our GA are revised and necessary adaptations are made for
the multi-objective case. Path crossover, binary tournament and local improvement pro-
cedures require some adaptations since they involve comparison of individuals. In the
path crossover, after the swap moves the candidate that dominates the other is selected
and included on the path. After the path is completed, candidate children created on the
path are sorted based on non-dominated sorting criteria. Similarly in binary tournament,
non-dominated sorting criteria are used for parent selection. In local improvement, we
move to a neighbour solution only if it dominates the current solution. Immigration is
implemented exactly in the same way as in our single objective GA implementation. Our
GA for the multi-objective case is presented in Algorithm 1.

Algorithm 1 Pseudo code of multi-objective GA

Initialize populationSize, maxIteration, positionHistory
Initialize immigrationRate, locallmprovementRate
Initialize iterationCount < 1

Generate initial population: P

Update bestSolution and positionHistory



INFOR: INFORMATION SYSTEMS AND OPERATIONAL RESEARCH 13

6: repeat

7: Initialize parentPopulation: Pp,, < 0, childPopulation: P,; < ()
8: Select P, from population

9: Generate P,; from P,,, with Crossover

10: Apply non-dominated sorting on Py,

11: Update bestSolution and positionHistory
12: Apply Immigration to P,

13: Apply Local Improvement to P

14: Update bestSolution and positionHistory

15: Combine P and P,,; as combinedPopulation: P,,,,
16: Apply non-dominated sorting on P,

17: P <« best populationSize solutions in P,,,,

18: Update bestSolution and positionHistory

19: iterationCount <— iterationCount + 1

20: until iterationCount < maxlteration

5. Numerical results and performance of the proposed solution methods

Our algorithms are coded in C# programming language in Microsoft Visual Studio 2015.
All experiments are carried out on a PC with 3.60 GHz Intel® Core™ i7-3820 CPU and
16 GB RAM, running under 64-bit Windows 10 operating system. In order to improve
the solution quality and reduce the effect of the randomness, the results are replicated
with 10 different seeds.

An initial set of experiments is carried out to set GA strategies and parameters. The
final GA is established with binary tournament selection and path swap crossover. The
immigration rate is 0.4 and local improvement rate is 0.2. The population size is deter-
mined as 100 and the algorithm terminates after 100 generations.

This final form of the single objective GA is validated using some classical QAP instan-
ces with different sizes and characteristics that are taken from QAPLIB (http://anjos.mgi.
polymtl.ca/qaplib//inst.html). In our validation phase, 25 well-studied problem instances
referenced by numerous researches are selected. Among these, 12 problems with distance
matrices satisfying triangular inequality are used further in our numerical experimenta-
tion phase for the uncertainty cases. More detailed information on the problem instances
is available in Burkard et al. (1997).

The validation of our GA is made by comparing the best objective function value found
through 10 replications with the optimal objective value provided in QAPLIB. For the last
four problems, the comparison is made with the best upper bound values available in
QAPLIB. The results are presented in Table 1. The percentage gap is equal to zero in
almost all of the problems. Only for the problems with size larger than 36, the gap is larger
than zero and even so, the gap takes values about only 1% . As a result, it can be claimed
that with this operator setting and parameter tuning, our single objective GA is successful
in solving the QAP effectively in reasonable times.

For the numerical studies concerning different QAP formulations under scenario-
based uncertainty, problems with three scenarios are used. To obtain three scenarios, two
additional flow matrices are generated by randomly disrupting the existing flow matrices
of the 12 test problems that are chosen from QAPLIB. The disruptions are made by
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Table 1. Validation of the proposed GA (computation times are cumulative of 10 replications).

Problem name Problem size Optimal value Best found by GA %Gap Time (sec)
chr12a 12 9552 9552 0.0 84
tail2a 12 224,416 224,416 0.0 65
scr15 15 51,140 51,140 0.0 108
escl6a 16 68 68 0.0 108
had16 16 3720 3720 0.0 123
els19 19 17,212,548 17,212,548 0.0 581
had20 20 6922 6922 0.0 339
nug20 20 2570 2570 0.0 261
rou20 20 725,522 725,522 0.0 352
scr20 20 110,030 110,030 0.0 521
chr25a 25 3796 3796 0.0 1199
nug25 25 3744 3744 0.0 853
bur26a 26 5,426,670 5,426,670 0.0 1979
kra30a 30 88,900 88,900 0.0 2648
kra30b 30 91,420 91,420 0.0 2711
nug30 30 6124 6124 0.0 2424
tai30b 30 637,117,113 637,117,113 0.0 5245
tho30 30 149,936 149,936 0.0 2627
esc32a 32 130 130 0.0 2012
kra32 32 88,700 88,700 0.0 3469
ste36a 36 9526 9526 0.0 8169
tai40a 40 3,139,370° 3,178,108 1.2 4237
sko72 72 66,256 66,346 0.1 13,082
wil100 100 273,038° 273,786 0.3 26,470
tho150 150 8,133,398° 8,216,038 1.0 23,840

“Best feasible objective values provided in QAPLIB.

randomly switching the numbers in the existing flow matrix and multiplying them by uni-
formly distributed random variables. Uniform distribution between [0, 1] is used for the
second scenario and uniform distribution between [1, 2] is used for the third scenario. In
this manner, the second scenario represents the case where the demand is low and third
scenario represents the high demand case. Three scenarios seem to be adequate to repre-
sent most real-life applications, e.g. modelling the demand in three levels as in our case.
Additionally, since three objectives allow visualization, it is easier to inspect the behaviour
of different approaches. In all the problem instances, both distance and flow matrices are
defined as symmetrical and the diagonal entities are always equal to zero. All the test
problems used in our numerical studies are available from http://www.bufaim.boun.edu.
tr/sceQAP.zip.

In this phase of experimentation, our algorithm is organized to solve each of the five
models introduced in Section 3. As a result, five different GAs are constituted each focus-
ing on a different performance measure. The names of the algorithms are given in accor-
dance with the performance measure that they are dealing with: expQAP, maxQAP,
absQAP, relQAP and mQAP. The only difference between the first four algorithms is in
the way the fitness calculation is made, whereas in mQAP algorithm, the modifications
discussed in Section 4.2 are made and our GA is transformed into a MOEA which is based
on the NSGA-IL It should be kept in mind that the classical QAPs corresponding to each
scenario in our problem instances are solved beforehand since ¢*; values are necessary for
the formulations containing the regret criteria and the solutions found are used in the ini-
tial populations of all five algorithms.

To validate scenario-based approaches, test instances with sizes 8, 10 and 12 are gener-
ated and the true Pareto fronts for these test instances are obtained by enumerating all


http://www.bufaim.boun.edu.tr/sceQAP.zip
http://www.bufaim.boun.edu.tr/sceQAP.zip

INFOR: INFORMATION SYSTEMS AND OPERATIONAL RESEARCH 15

Table 2. Optimum solutions for small-sized problems used for verification of proposed algorithms.

Problem name Expected cost Max. cost Max. absolute regret Max. relative regret
had8_3sce 642.67 928 10 0.022
nug8_3sce 390.00 544 52 0.160
scr8_3sce 31,726.67 42,782 5536 0.205
had10_3sce 1150.67 1806 124 0.223
nug10_3sce 589.33 858 62 0.120
scr10_3sce 39,140.00 53,042 6092 0.171
had12_3sce 1810.67 2794 54 0.037
nug12_3sce 1035.33 1512 108 0.130
scr12_3sce 44,794.00 61,208 6,262 0.161

permutations. We must recall that the total number of solutions in the feasible space of a
QAP of size n is n! and the true Pareto front can only be obtained for the problems with
small sizes. We record the best solution in the front corresponding to each criterion and
compare it to the solution provided by the corresponding GA for verification. The opti-
mum solutions for these problems used for verification are provided in Table 2.

Each of our proposed algorithms finds the optimal solution for the corresponding per-
formance metric in all of these small-sized problems while our mQAP algorithm is capa-
ble of finding the optimal solutions for all of the performance metrics. On the other hand,
the performance of our algorithms should also be evaluated through larger problem
instances. For those instances, a cross validation is implemented in the absence of a true
Pareto front.

The performances of five models are evaluated and compared with one another in
terms of their success in generating good solutions for minimizing the criteria: expected
cost, maximum cost, maximum absolute regret and maximum relative regret. The results
are provided in Tables 3-6 in a respective order for each performance criterion. For each
problem instance, the best results over 10 replications are shown in bold. For each crite-
rion, the solution in the final population of each algorithm with the best objective value
with respect to the corresponding criterion is provided. In that way, our analysis tries to
capture whether each of these algorithms is justifiable on their own right and whether
they are distinct in behaviour and leading us to different solutions where robustness is
interpreted in a different way. In other words, we have targeted to find an answer to the
question whether it were possible to find good solutions for all of these performance crite-
ria in the final population of one of these procedures.

Table 3. Comparison of the proposed GA models (criterion: expected cost).

Problem name expQAP maxQAP absQAP relQAP mQAP

scr15_3sce 61,714.67 64,913.33 61,822.00 62,283.33 61,714.67
had16_3sce 3953.33 3984.00 3974.67 3983.33 3953.33
els19_3sce 18,679,666.67 20,036,724.67 19,193,050.00 21,023,503.33 18,679,666.67
had20_3sce 7266.67 7375.33 7272.00 7290.67 7266.67
nug20_3sce 2928.67 3029.33 2946.00 2960.67 2928.67
scr20_3sce 134,568.00 142,548.00 136,284.67 139,763.33 134,568.00
nug25_3sce 4260.67 4460.00 4302.67 429533 4260.67
kra30a_3sce 108,613.33 113,826.67 109,796.67 109,646.67 109,380.00
kra30b_3sce 110,433.33 114,733.33 111,163.33 112,946.67 110,730.00
nug30_3sce 6946.00 7144.67 6989.33 7034.00 6946.00
tho30_3sce 159,854.67 163,214.00 162,412.00 165,139.33 160,353.33
ste36a_3sce 12,524.00 13,648.00 12,766.67 12,853.33 12,714.00

Note: Best results for each problem are shown in bold.
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Table 4. Comparison of the proposed GA models (criterion: maximum cost).

Problem name expQAP maxQAP absQAP relQAP mQAP

scr15_3sce 77,574 69,710 77,234 81,358 69,710
had16_3sce 5824 5724 5894 5972 5724
els19_3sce 25,571,140 24,211,326 27,113,016 32,167,018 24,211,326
had20_3sce 10,510 10,076 10,404 10,570 10,076
nug20_3sce 4064 3736 4016 4162 3736
scr20_3sce 172,974 152,892 170,814 183,086 157,122
nug25_3sce 6042 5648 6010 6154 5670
kra30a_3sce 141,950 136,430 148,650 154,430 136,780
kra30b_3sce 146,210 139,550 150,570 158,160 140,050
nug30_3sce 9566 9364 9894 10,140 9364
tho30_3sce 235,650 225,308 241,200 254,108 226,076
ste36a_3sce 17,006 16,148 18,286 19,872 16,058

Note: Best results for each problem are shown in bold.

The results reveal that each of the first four formulations leads to distinct solutions.
They are good at providing solutions for the criterion they originally address but not for
the other criteria. For instance, we observe in Table 3 that in order to obtain solutions
with the least expected cost values, the formulation that is dedicated to find expected cost
optimum must be employed and other single objective formulations can obtain the best
results in only a few problem instances. Similar conclusions can be made for the rest of
the performance criteria in Tables 4-6 about the single objective formulations.

It should be noted that some exceptions can be observed where an algorithm cannot
obtain the best result corresponding to its own criterion. This occurs for some of the prob-
lem instances with large sizes (for instance in Table 5). As the problem size increases, the
number of feasible solutions and the number of non-dominated solutions also increase.
As a result, such exceptions can be observed. Furthermore, in some specific instances,
good solutions might have similar genotype. In this case, the search might lead to similar
regions under different fitness measures. However, it should also be noted that mQAP is
the winner in most of these cases and when it is excluded from the analysis, the number
of such exceptions diminishes. As a result, it can be concluded that none of single criterion
algorithms can substitute the other. The decision-maker needs to determine which robust-
ness measure to optimize a priori and then employ its corresponding algorithm.

On the other hand, the case is very different when the results of the mQAP algorithm
are examined in these tables. Among all members of the approximated Pareto front

Table 5. Comparison of the proposed GA models (criterion: maximum absolute regret).

Problem name expQAP maxQAP absQAP relQAP mQAP

scr15_3sce 9762 17,460 806 12,534 8606
had16_3sce 222 326 170 248 172
els19_3sce 4,799,058 6,838,840 3,739,512 8,181,322 3,758,216
had20_3sce 434 714 336 494 338
nug20_3sce 328 654 294 426 294
scr20_3sce 29,698 50,994 30,608 39,192 29,164
nug25_3sce 394 784 362 506 352
kra30a_3sce 12,120 25,020 12,460 17,820 12,480
kra30b_3sce 12,700 25,500 11,820 18,510 11,450
nug30_3sce 548 1118 548 776 524
tho30_3sce 20,300 27,542 15,892 28,800 15,278
ste36a_3sce 2516 5936 2606 4186 2690

Note: Best results for each problem are shown in bold.
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Table 6. Comparison of the proposed GA models (criterion: maximum relative regret)

Problem name expQAP maxQAP absQAP relQAP mQAP
scr15_3sce 0.191 0.404 0.197 0.182 0.182
had16_3sce 0.060 0.099 0.081 0.048 0.048
els19_3sce 0.794 0.883 0.608 0.347 0.347
had20_3sce 0.068 0.186 0.087 0.051 0.051
nug20_3sce 0.145 0.390 0.173 0.116 0.116
scr20_3sce 0.349 0.659 0.388 0.292 0.275
nug25_3sce 0.131 0.289 0.133 0.090 0.085
kra30a_3sce 0.156 0.362 0.151 0.130 0.131

kra30b_3sce 0.156 0.376 0.174 0.135 0.125
nug30_3sce 0.136 0.246 0.141 0.093 0.092
tho30_3sce 0312 0.424 0.233 0.128 0.131

ste36a_3sce 0.390 0.706 0.484 0.267 0.272

Note: Best results for each problem are shown in bold.

provided by the mQAP algorithm, the one with the best objective value of with respect to
the performance criterion under investigation is reported in the last column of the tables.
The results indicate that the Pareto front approximation proposed by the mQAP algo-
rithm includes such solutions that perform well in terms of different performance
measures.

The improvement gained by our algorithms in different performance measures is also
tested against a base case as follows. In addition to the solutions of each scenario, we find

the solution for the average scenario s where fijz = Zjlgfl 2, Then, the best of these solutions
(for 5 and all scenarios s € S) are evaluated for each criterion except for the expected cost
criterion (note that the solution for the average scenario s is identical to the solution
expQAP). The results indicate that our algorithms bring a significant improvement, espe-
cially for the robust measures. Also it must be noted that the computational effort for this
base case is the same with the other approaches since it also requires |S| + 1 GA runs.

The quality of our mQAP algorithm can also be observed in a more compact way in
Table 7. Each column displays results for a different performance measure. The values are
the ratios of the objective values provided by the mQAP algorithm over of the objective
values suggested by one of the other four algorithms that is dedicated to that performance
criterion. The ratios that are less than or equal to one are shown in bold. A value less than
one indicates that the mQAP objective algorithm is capable of finding a member in its

Table 7. Ratio analysis for the mQAP model.

Problem name Expected cost Maximum cost Maximum absolute regret Maximum relative regret
scr15_3sce 1.000 1.000 1.000 1.000
had16_3sce 1.000 1.000 1.012 1.000
els19_3sce 1.000 1.000 1.005 1.000
had20_3sce 1.000 1.000 1.006 1.000
nug20_3sce 1.000 1.000 1.000 1.000
scr20_3sce 1.000 1.028 0.953 0.940
nug25_3sce 1.000 1.004 0.972 0.954
kra30a_3sce 1.007 1.003 1.002 1.006
kra30b_3sce 1.003 1.004 0.969 0.926
nug30_3sce 1.000 1.000 0.956 0.993
tho30_3sce 1.003 1.003 0.961 1.026
ste36a_3sce 1.015 0.994 1,032 1.018

Note: Ratios that are less than or equal to one are shown in bold.



18 M. SAHINKOG AND U. BILGE

Table 8. Ratio analysis for the mQAP model under six scenarios.

Problem name Maximum cost Maximum absolute regret Maximum relative regret
scr15_6sce 1.002 1.029 1.042
had16_6sce 1.036 1.132 1.140
els19_6sce 1.099 1111 1.173
had20_6sce 1.020 1.059 1.028
nug20_6sce 1.098 1.067 1.024
scr20_6sce 1177 1.047 1.247
nug25_6sce 1.226 1.224 1.210
kra30a_6sce 1.215 1.041 1.162
kra30b_6sce 1.041 1.141 1.144
nug30_6sce 1.266 1.131 1.132
tho30_6sce 1.022 1.306 1.014
ste36a_6sce 1.207 1.319 1.184

Pareto front such that the member performs better than the solutions proposed by other
algorithms. When the ratio equals to one, it means that the algorithms lead up to the
same solution. It is observed that the ratios which are greater than one are quite close to
one. As a final remark, it must be noted that the time requirement for all five algorithms
is very close to each other. It means that instead of using different algorithms each for a
different performance measure, we can use the mQAP algorithm and obtain the Pareto
front which is composed of good compromises between the scenario objectives and
includes the successful solutions for every performance measure.

5.1. Larger number of scenarios

Although three scenarios can be adequate to model uncertainty in many real-life applica-
tions, there may be several applications where larger number of scenarios are required.
When the number of objectives is more than three, the performances of the MOEAs dete-
riorate and they face scalability issues (Ishibuchi et al. 2015). In this subsection, we test
our multi-objective GA under six scenarios. We increase the number of scenarios in our
test problems to six by randomly generating three more flow matrices representing differ-
ent demand levels between the low and the high demand cases. The ratios of the objective
values for the robust measures under six scenarios are presented in Table 8.

It can be observed from Table 8 that our multi-objective GA based on NSGA-II starts fac-
ing scalability issues and the ratios can rise up to 1.319. This suggests that using many-objec-
tive evolutionary algorithms can be more appropriate when the number of scenarios
increases (Jaimes and Coello 2015). Additional work is required to develop a many-objective
evolutionary algorithm that solves QAP instances with large number of scenarios effectively.

6. Conclusion

Although uncertainty in the input parameters of a facility layout problem is quite com-
mon, this is often overlooked during design. This study addresses scenario-based uncer-
tainty in a facility layout problem formulated as a QAP and investigates different ways of
dealing with uncertainty to design a facility layout which attains robust and efficient per-
formance under all possible scenarios. For this purpose, four mathematical formulations
each covering a different stochastic or robust performance measure are developed and
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solved by an efficient GA. We observe that the proposed GA procedure is capable of find-
ing very good solutions to the problem under a given target performance measure. More-
over, our GA is designed to prefer efficient solutions in case there are alternative solutions
with the same worst-case performance.

Given the difficulty of solving a QAP-based formulation by any method, the main
effort in this study has been put into finding ways of decreasing the necessity to set the
robustness measure a priori, or obtaining the solutions for several measures simulta-
neously. However, the idea of exploiting the population-based parallelism of the GA
approach did not help much in this respect in the case of the single objective GA proce-
dures, i.e. the members of the final populations did not perform too well for any measure
other than the targeted one. To this end, we propose a novel approach, where the optimi-
zation problem under scenario-based uncertainty is transformed into a multi-objective
optimization problem by considering each scenario as a separate objective. The motiva-
tion behind this transformation comes from the strong relationship between robustness
measures and the multi-objective formulations as pointed out by Aissi et al. (2009) and
Klamroth et al. (2013). Instead of evaluating each performance measure separately we can
approximate the Pareto front in a single run of a MOEA and let the decision-maker select
the appropriate member.

For this purpose, we developed a multi-objective GA adapted from NSGA-II intro-
duced by Deb et al. (2002). Our numerical results show that the approximated Pareto
front generated by this approach provides plenty of good quality solutions that include
the very good solutions for all robustness measures. This is a very promising result which
was not previously investigated in the literature.

Furthermore, the observation obtained about the potential of the multi-objective version
for the QAP may be generalized to other combinatorial optimization problems under sce-
nario-based uncertainty. It is hoped that this study will stimulate further investigation in this
topic and bring a new and natural application area into multi-objective optimization field.

Finally, it is clear that additional work is required for the proposed MOEA to solve
problem instances with large number of scenarios effectively. Scalability issues bring
many-objective evolutionary algorithms into attention when the number of scenarios is
high. Many-objective optimization methodologies which are still in the development stage
may be adapted for handling scenario-based uncertainty successfully. This is the focus of
our on-going research.
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